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Wave (MRLW) Equation
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Abstract— In this paper, the Modified Regularized LongIWave (MRLW) equation is solved to find out
exact traveling wave solutions based on the generalized /G . expansion method using the computation
software Maple-17. Three types of general solutions such as trigonometric function, hyperbolic function
and rational function are constructed with some parameters. When the parameters take specific values,
we get exact solutions. The extracted solutions are checked by putting them back to the original equation
with the Maple software. Several three dimensional graphs of some availed solutions are provided to
exhibit the wave pattern of the considered equation.

Index Terms— Generalized Regularized Long Wave (GRLW) equation, Modified Regularized Long
Wave (MRLW) equation, Traveling Wave, -expansion, Generalized -expansion, Nonlinear
Evolution Equation (NLEE), Homogeneous balance.

1 Introduction

Most of the physical phenomena in the real

world can be described by the Nonlinear
Evolution Equations (NLEEs). Seeking the exact
solutions of NLEEs has significant importance in
different areas of Mathematical Physics such as
Fluid Dynamics, Water Wave Mechanics, Plasma
Physics, Solid State Physics, Optical Fibers and
Quantum Mechanics as well as their applications.
In the past few decades several effective methods
such as Homotopy peturbation method [8], Sin-
Cosine method [9], Tanh function method [10,11],
Jaccob-elliptic function method [12,13], Exp-
function method [14], Homogeneous balance
method [15], Hirota bilinear method [16], Auxiliary
equation method [17], F-expansion method [18,19]
and so on have been developed to explore explicit
traveling wave solutions of NLEEs.
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Recently, a new method known as G/G -

expansion method is proposed by Wang et all. [1]
to search exact traveling wave solutions of NLEEs.
In some literatures, as for example Z. L. Li [2],
Zhang [3], Zayed and Gepreel [4], Malik et al [5],
Bekir [6], Rashedunnabi [7] and so on, this method
is successfully applied to investigate the traveling
wave solutions of some significant NLEEs. Most of
the researchers have shown that the G'/G-

expansion method is very effective to solve some
NLEEs involving higher order nonlinear terms.
Subsequently, further research has been carried out
to expand its applicability. More recently, Zhang et
al. [20], Zayed [21]
generalized G'/G

introduced it as much more effective to construct

have been proposed
-expansion method and

further new traveling wave solutions of NLEEs . In
some articles such as Zayed et all. [22], Liu et all.
[23], Naher et all. [24] the generalized G'/G -

expansion method is applied and verified that this
method is more general, extended and effective.

The MRLW equation is a special case of the

following GRLW equation.
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ut+ux+p(p+1)upux_ﬂuxxt:0 (A
where p is a positive integer and S is a positive
real constant. When p =2, the equation(A)
transformed into the MRLW equation. It is noticed
from the literature point of view that the solutions
of this equation are kinds of solitary waves having
shapes not affected by collisions. Moreover, it
describes the propagation of unidirectional weakly
nonlinear and weakly dispersive water waves
including nonlinear transverse waves in shallow
water, ion-acoustic waves and magneto-
hydrodynamic waves in plasma, longitudinal
dispersive waves in elastic rods, pressure waves in
liquid-gas bubble mixtures and rotating flow down
a tube. Though many researchers have shown that
the generalized G'/G -expansion method is more
general and effective but as far as I know yet this
method has not been applied to the MRLW

equation in any previous research work.

In this work, the generalized G'//G -expansion

method is applied to solve the MRLW equation
and the obtained solutions are checked by MAPLE-
17 software.

The rest of the paper is organized as follows:
Section 2 describes the generalized G'/G -

expansion method to find out exact traveling wave
solutions of NLEEs. In section 3, application of this
method to the MRLW equation is illustrated.
Section 4 deals with the results and discussion with
graphical representations. Finally, conclusions are

given in section 5.

2 The Generalized GY/G -expansion
method

We assume that the nonlinear evolution equation
in two variables, namely x and t is given by

F(u,Uy, Uy, U Uy o) =0 (1)

Where U is an unknown function of two variables
xandt, F is a polynomial in U and subscripts are
indicating partial derivatives involving the highest
order derivatives and nonlinear terms. The main

steps of the generalized G'/G -expansion method

are described as follows:
Step 1:

First, we wuse the following traveling wave
transformation to substitute the independent
variables X and t by the variable¢.

u(x,t)=u(g), & =x-ct @)

where £is a traveling wave variable and Cis the
wave velocity. Using equation (2), the equation (1)
transformed into the following Ordinary
Differential Equation (ODE) of the form:

F(u,u',u",...)=0 )
Step 2:
Now we consider that the solution of equation (3)

can be expressed by a polynomial in rey as

follows:

u(e) = za(%j
4)

wherea;’s are constants to be determined such
that a, cannot be zero at the same time and
G =G(&) satisfies the following second order

nonlinear ODE
GG"—AGG' - 1G? —v(G')f =0 (5)

where 4, yz and v are real constants and

2
o 46 o, _d’G

TR
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Step 3:

Substituting the equation (4) in the equation (3)
and making a homogeneous balance between the
highest order derivative and highest order
nonlinear term yields the value of the positive
integer N appearing in equation (4).

Step 4:

Placing ninto the equation (4) and then equation

(4) to the equation (3) provides a polynomial in I

.Equating the coefficients of this polynomial to
zero, we obtain a set of algebraic equations in

a;j,¢,A,uandv . Solving the system by algebraic
computation, values of aj,c,A,xandv can be

found.
Step 5:

Finally, putting back the general solution of
equation (5), values of a;,C,4,u,v and equation
(2) into the equation (4) we avail more traveling

wave solutions of equation (1).

3 Application of the method

We employ the generalized G expansion

method to the following Modified Regularized
Long Wave Equation.

U, +U, +6u’u, — fu,,, =0 (6)

where [ is a positive real constant. Using the

traveling wave transformation (2), the equation (6)
converted into the nonlinear ODE

—CU'(E) +U'(&) +BU(&)?u'(€) +cpu"(E) =0 @)

Integrating equation (7) with respect to & reduces

to

—cu(&) +u(€) +3u’(€) +cpu"(&) + K =0 ®)

where K is an arbitrary constant and prime

denotes the derivative with respect to £ .

Substituting equation (4) into equation (8) and
considering the homogeneous balance between u”

and u®we find n =1. Therefore the solution of the

equation (6) can be expressed as:

-1 '
u) = a—1[%j T3+ al[%\) ©)

where a_;,ayand g, are non-zero arbitrary

constants.
Replacing equation (9) in equation (8) with the

help of equation (5) yields a polynomial ing.

G .
Now collecting the coefficients of (Ej (=01

equal to zero, we obtain a system of algebraic
equations in ay,a,,a,,4, 4 and K as follows:

2cv2Ba; — AcvpPay +2cPa; +2ad =0

3cvfBia, —3cfa, +6agas =0

2cuvfaq + c[Mzal —2cufay + 6a_1a12 + 6a§a1 —-ca;+ay =0
64cAua, + cﬂxlzal + 2cufay +aagay —Cca; +a; =0

cpla; +cvpla_y —cflay +12a_4ap9a + 2a8 —cag+K+ay=0
2cuvpa, + cﬂ/lz a_ —2cupfa_q + 6a31a1 + 6a_1a§ —-cay+ay =0

3cupia_y +6a%ag =0
Zc;zzﬂa_l + 2a§1 =0

Solving the above system of equations for
a_,89,8,¢ and K by Maple -17 software we

have the following solutions:
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Solution Set: 1

2up3 P v-1 2
a =t a,=+L2 a; =+ , C=t—
N R R o
and
2
K 8B -Du
Jo (10)

where o =8u8 -8uvp - pA° —2>0, f =0, A, uand v are free parameters.
uff —8u B H p

Solution Set: 2

II
I+

=B

, =0, c:—gand K=0 (11)

L2
N

where 8 = 4uvf— A% —4uf—-2>0, B%0, A, uand v are free parameters.
H 4 B 2 p

Solution Set: 3

BA 2B8(v-1) 2
+= g =t———- c=-—and K=0 (12)
W

Jp p

where p=4uvB—pi* —4uB-2>0, B #0, A,uand v are free parameters.

ail :0, ao =

Replacing the general solution of equation (5) in equation (9) yields the following results:

I Hyperbolic function solution

When A2 — 4 v + 44 > 0 we obtain

U sinh[E g\/ﬁ}\/ﬁw cosh(i 5\/5)\/5

e a1 Usinh[;g\/gj\l/ﬁ+Vcosh(;§\/5j\/5 2v 2 (Ucosh( rf\/_j\/_Jermh( 5\/5)\/5}

2y 2 y/[U cosh(%gﬂ/ﬁj\/5+v sinh(;fx/ﬁ}/aj

(13)
where Q=A% —4uv+4u, y=v-1,U=C,-C,,V =C,+C,and & =x—ct

When A = 0and — 4uv + 4 > 0 we obtain
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(U cosh(g”\/_)wsm(g\/_)) 1\/_(\/cosh(§\/_)+u sm(g\/_)) u
\/_(\/cosh(g\/xﬁu sm(qf\/_» (U cosh((f\/Z)+Vsm(§\/_» (14)

where A=—-4uv+4uy, yw=v-1,U=C +C,,V=C;-C,and £ =x-ct

Uy (&)=

II Trigonometric function solution

When A2 — 4 v + 44 < 0 we obtain

ay a1 Y Sm( \/_j\/_w COS( \/_]\/5
-V sin(% gmj\/z+u cos(% gmjm 2y 2 y/[V cos[ \/_]\/_+U sm( \/_Q)m]
T2y 2 w[v oo Je-a N v sin@gmjmj

(15)
where Q=A* —4uv+4u, y=v-1,U=C,-C,,V=C,+C,and & =x—ct
When A = 0and —4uv + 4 < 0we obtain
0,(8)=— (V cos(é«/ )+U sm(ﬁ«/ )) va - \/ (U cos(é«/ ) Vv sm(&/ ))
) VAN (U cos(.f«/ ) \% sm(&/ )) y/(\/ cos(gf«/ )+U sm(ﬁ«/ ))
(16)
where A =—-4uv+4u, y =v-1,U=C,+C,,V=C;—C,and £=x—ct
IT Rational function solution
When 2% — 4uv + 41 = 0 we obtain
a_ 1A \
Us (&) = 17, 1 v +ap +a1(—5; mJ 17)

2y y(-Vé+U)
Wheny =v-1,U=C;,V=C,and & =x-—ct

Substituting the solution sets (10), (11) and (12) in the above three general solutions yields the following family
of solutions:

Familyl. (Hyperbolic function solutions)

Casel. U =0,V #0)
From (13) we have
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(Q coth[i\/ajz " ggﬁcoth(%\/ﬁj n 12] + Zﬁﬂ[\/acoth[i\/a) + ﬂJ +8yupf

upp(§) ==

18
2@(@00th[§«/§j+l} (18)
where & = Xi%t, Q=22 —duv+4u>0, y =v-lando =8uB —8uvB— A2 —2> 0
O
,3/1[\/5 coth(iﬁj+l}i4yﬁw
Upp(8) == 19
ﬁ(ﬁcoth[iﬁ}+i] )
where & = x+§t, Q=12 -4uv+4u>0, w=v-landS = 4uvB —4uf — pA* -2>0
ﬂ(\/ﬁ coth[g\/ﬁjmji B
up3(8) =+ 7 (20)
where & = x+2t, Q=2 —Auv+4u>0, w=v-land p=4uvB—4upB - P> -2>0
Yo
From equation (14) we have
by () = £ 245V tanh(éJZ)z + ﬁz\/Ztanh(g\/Z)i A
14 = \/;\/Xtanh(fx/X) (21)
where & = Xiit, A=—4uv+4u>0, y=v-lando =8uf —8uvB— 1> —-2>0
Jo
(2 = £ 2BV tanh(£v/A )+ payA
15(6) == JoJA (22)

where §=X+§t, A=—duv+4u>0, w=v-land S =4uvB—4up — 1> -2>0

28JA coth(f\/z )J_r BA

ul,e(ég) ==+ \/; (23)

where §:X+£t, A=—duv+4u>0, w=v-land p =4uvB—4uB - pA°> -2>0
P
Case 2. (U =0,V =0)

From (13) we get
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[Qtanh(i\/ﬁjz " 2/1\/5tanh[§\/5] + AZJ + zﬂz[ﬁtanh(i\/aj + Aj + 8y

up7($) =+

Zﬁ[ﬁtan(ix/ﬁj + /1] @)
where fzxi%t, Q=42 —Auv+4u>0, y=v-land o = 8uB —8uvB — Bi2 —2 >0
O
/M[\/atanh(i\/ﬁj + AJ +4uBy
Uig &)=+ (25)
\/E(\/ﬁ tanh(gx/ﬁj + /1)
where & = x+§t, Q=12 -4uv+4u>0, yw=v-landS = 4uvB —4uf — pA* -2>0
ﬂ(\/ﬁ tanh(gx/ﬁ}rl}; BA
Upe($) == \/; (26)
where §=x+%t, Q=2 -4uv+4u>0, y=v-land p=4uvB—4up— 1> -2>0
From equation (14) we have
oo (&) = 2 218V coth(éx/X )2 + BAA Coth(éx/Z)i A
110 = \/; \/Zcoth(g \/X) (27)
where §=Xiit, A=—4uv+4u>0, y=v-lando =8uf —8uvB— p1*> —-2>0
O
byt () = 2 21BY coth(gJZ)i BAA
111 \/g\/x (28)
where §:X+§t, A=—duv+4u>0, w=v-land S =4uvB—4uf— 1> -2>0
25/ A tanh A+ A
Upgp(§) == pA an\/(;.f\/_)Jr,B (29)

where §=X+£t, A=—duv+4u>0, wv=v-land p =4uvB—4uB - pA°> -2>0
P
Case3. (U =0,V #0)
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From equation (13) we get

2up (1 1
. iﬁ ,3_ v _li_ 1 U smh(gg\/aj\/5+v cosh[?f\/a]\/a
- U sinh[%f\/ﬁ]\/a +V cosh(%g\/ﬁj\/a ‘/_ ‘/_ 2y

i1 2 W(U cosh[%g\/aj\/5+v sinh[%g\/a]\/aj

2v. 2 y/[u cosh[%e:\/ﬁj\/a +V sinh[%gﬁ]ﬁ}

(30)
where ¢& = X+Tt Q=22 —-4uv+4u>0, y=v-lando =8ufB —8uvf— 1> -2>0
+ 248
_ V5
u1,14 ((-"E) \/_
141 U smh( gJ_jJ_+v cosh( 5\/_)\/_
2y 2 x//(U cosh(—f\/aj\/5+v sinh(gx/aj\/aj
2 2 1)
where & = x+§t, Q=12 —4uv+4u>0, yw=v-land S = 4uvp —4uf — pA> =2>0
(1 1
5 20| 14 1 U smh[gcf\/aj\/5+v cosh(ch\/ﬁjx/a
U (&)=%—7== Y 3 1 (32)
\/; \/; .4 (//(U (:osh(E 545}/5 +V sinh[z 6\/5}/5}
where & = x+2t, Q=2 —Auv+4u>0, w=v-land p=4uvB—4uB - > -2>0
Yol
From equation (14) we get
Uas (6) = _/3 (U COSh(f\/X)-‘rV sin(;‘\/Z)) ﬂ_ L Aé/ cosh(§JX)+U sin(gJZ)) (33)
Ho \/_ \/_(\/ cosh(gx/Z)+U sin(g\/_» \/_ \/_ (U cosh(cf\/Z)+V sin(é\/z»
where & = X+Tt A=—4uv+4u>0, y=v-lando =8uf —8uvB— p1*> —-2>0
iy (&)= % L 2up z//(U cosh(§\/_)+v 3|n(§\/_)) (34)
\/_ \/_(\/ cosh(éx/_)+u S|n(§\/_» \/_
where & = X+§t, A=—duv+4u>0, w=v-lands =4uvB—4uf— 1> -2>0
iy (6= 2 P 2BV JAW coshlzya )+ sinzya ) )
’ \/; \/; y/(U cosh(é\/x)w sin(é\/z»
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where §:X+£t, A=—duv+4u>0, w=v-land p =4uvB—4uB - pA°> -2>0
P

Family2. (Trigonometric function solutions)

Casel. (U =0,V =0)

2up [f /—J
— —Qtan| Z=+4-Q
Upy =+ Jo A 2
’ N —Qtan(g\/—(zj o Jo| v
-
2y v
(36)
where §=xiit,Q=/12—4yv+4y<0,w=v—lando-=8yﬂ—8,uvﬂ—ﬁ%2—2>O
Jo
2up
Upp =% V5 A
L, =% + 37
1 V—Qtan(i«/—()] \/E &0
-—+
2y Y

Jo | 2w " v (38)

where §:x+3t, Q=2 -4uv+4u<0, yw=v-land p=4uvB—4uB— > -2>0
Yol

2uPwy cot(ém)z + mﬁ cot(éﬂ)i A

Uy 4(8) =

NENEN NN (39)
where & = Xiit, A=—-4uv+4u<0, v =v-landc7=8,u,[3—8,uv,6’—ﬂﬂ2 -2>0
N
2By cotleN=A )+ paN—A

Ups($) ==

NENayy o)

where §:X+§t, A=—duv+4u<0, w=v-landS =4uvB—4uf— > -2>0
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Upe(s) =+ 2pl-bunle-a)s (41)
Jr

where §:X+£t, A=—duv+4u>0, w=v-land p =4uvB—4uB— pA°> -2>0
P

Case 2. (U =0,V =0)

From (15) we get

(Qcot(imjz B 21\/300{2\/3] - AZJ + Zﬁi(ﬁcot(imj + /IJ +8yup

UZ,7(§):i 42
Zﬁ[mcot(iﬁj+ﬂ] (42
where fzxiit, Q=22 -4uv+4u<0, y=v-lando =8uB —8uvf— > -2>0
o
ﬁﬂ(\/—Qcot(i«/—Q)+/iji4yﬂw
u2,8(§) = (43)
\/E(J—Qcot(g\/—ﬂ}rﬂj
where & = x+§t, Q=212 -4uv+4u<0, y=v-land S =4uvp —4uf — fA> -2>0
,6’(\/— Q cot[gw/— Qj + ;Lj + BA
Upg($) == N (44)
where §=x+3t, Q=2 -4uv+4u<0, yw=v-land p=4uvB—4uf— > -2>0
ol
From equation (16) we get
2upytan(eV=h)  pa J-A
=1 L=+ 45
u2,10(§) \/;m \/; \/;tan ém ( )
where J;:xi%t, A=—-4uv+4u<0, y=v-lando =8ufB —8uvB— > -2>0
2,y tan(ev— A ) P (46)

u2,11(§) == \/gm \/g

where §:X+§t, A=—duv+4u<0, w=v-land S =4uvB—4uf— > -2>0
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U (8) =2 mj%tff_‘/_?)i p (47)

where §:X+£t, A=—duv+4u<0, w=v-land p =duvf—4uB - A°> -2>0
P

Case 3. (U =0,V =0)

From (15) we get

-V Sin(% éﬁ}/ﬁw cos[% éﬁ}\/z

U213(6) = z//(v cos[% 5\/3)\/5+U sin(% éﬁ]ﬁj

(48)
where §—X+Tt Q=22 -4uv+4u<0, yw=v-lando =8uB —8uvpB— > -2>0
L2148
B A
Up14(8) = s o 49)

14 1 _VSi”(%fﬁj\/5+Ucos[lgmjm 75
2y 2 [Vcos[ 5\/_j\/_+Usm[ fﬁ)ﬁ]

where §:x+§t, Q=22 —4uv+4u<0, w=v-land S =4uvB —4upf — pA* —=2>0

Zﬁr// _ii_l Vsm( \/_j\/_JrUcos(z \/_J\/_Q (50)

\/_ Vo | 2v 2 (Vcos[z \/_j\/_+Usm(2 \/_Qj\/z]

Up15(¢) =

where §=x+3t, Q=2 -4uv+4u<0, yw=v-land p=4uvB—4up— > -2>0
Yol

From (16) we get

Upge(8) == Zﬂﬂ‘//é/ COS(fx/_)+U 5'”(5\/_)) P ZJ_(U cos(fx/_) Vsm(fx/_)) 1)
216 Jod=alU cosley=a)- Vsm({x/_)) \/_ JolV cosle=a - Uil a )

where fzxi%t, A=-4uv+4u<0, yw=v-lando =8uf —8uvp— BA*> —2>0
o
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. Zﬂﬂv/(\/ cos(gJ_)+U sin(g\/_))
‘/_‘/_(U 005(5\/_) Vsm(gf)) \/_

Upq7(8) =

where §:X+§t, A=—duv+4u<0, w=v-landS =4uvB—4uf— > -2>0

B, - Al cosley-a)-vsinlev-a)

Uprg(§) =1 \/; - \/;(V cos(.f\/IFU sin(fﬁ»

where §:X+£t, A=—duv+4u<0, w=v-land p =4uvf—4uB - pA°> -2>0
P

Family3. (Rational function solutions)
Casel. U =0,V =0)
From equation (17) we get

aupys | i AE+2

u3,l(§):i\/;(ﬂ§+2)—\/;— 5\/;

where & = Xiit, w=v-lando =8uf —8uvB—BA* -2>0

Jo
_Aupys | A
u32(§) —\/—(/1§+2) \/g

where §=X+§t, w=v-land & = duvB—4up — BA* —2>0

pr AE+2

U33(§) +\/; 5\/—

where & = x+-2t, w=v-land p=4uvB—4uB— pA*> -2>0
Yo

Case 2. (U =0,V #0)

u3,4(§)—\/;(/1+2ﬂﬂ\/ J ﬂT T(_ ﬁJ

2 yvEru)

where & = Xiit, w=v-lando =8uf —8uvB— BA* —2>0

Jo
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*2up BA
Uzs($) = =
\/g(— A \Y J \/g

2 w(-ve+U)

(48)

where §=X+§t, w=v-land & = 4uvB—4upf— BA*> —2>0

_y P AL VO
u3,4(§)_i\/;i\/;{ 2 +(—V§+U)J

(59)

where & = x+-2t, w=v-land p=4uvB—4uB— pA*> -2>0
Y

The above equations (18 to 59) are the general solutions of the MRLW equation regarding several conditions.

By choosing particular values of the parameters we avail different exact travelling wave solutions.

4 Results and Discussion

The above general solutions are investigated to
check their exactness by putting them back into the
equation (8) with the help of the computational
software Maple-17. It is worth mentioning that
majority of the solutions are found to satisfy the
equation (8) and some, satisfy with particular
choice of arbitrary parameters, are repeated
version of previous solutions. Moreover, choosing
the fixed values of 4,4,vand 8 the dynamics of
some obtained exact traveling waves are presented
in the following figures using Maple-17 software.

Familyl. (Hyperbolic function solutions)

Figl. A=2,u=10,v=058=5
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Family3. (Rational function solutions)
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5 Conclusions

¢
G

method is employed to explore some new exact

expansion

In this study, the generalized

traveling wave solutions of the MRLW equation.

More traveling wave solutions have found with

function solutions, trigonometric

hyperbolic
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function solutions and rational function solutions
including arbitrary parameters. The method
provides copious freedom of choice of arbitrary
parameters to construct exact traveling wave
solutions which can be used to inquire the real
structures of some physical phenomena of the
considered NLEE. Interactions of different solitary
waves are clearly understandable from the figures.
The dynamics of the physical phenomena of the
considered NLEE can be explained by analyzing
the graphs.
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